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Reply to “Comment on ‘Quantum suppression of chaos in the spin-boson model’”
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We dispute the claim by Bongit al. [Phys. Rev. E56, 2325(1997)] that we have misidentified a chaotic
trajectory, and point out that their new results actually support the main conclusions of our original article.
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PACS numbd(s): 05.45+b

In the preceding Comment the authors attempt to look Bonci et al. seem to disregard all this evidence and in-
independently at the problem studied by us in a recent pubstead use some Poincasections(their Figs. 3 and %to
lication[1]. They make a number of points, the most impor-bolster their claim that nothing unusual happens in the neigh-
tant of which is that, in their opinion, we have mistakenly borhood of the(+) branch. We agree that those sections do
identified as chaotic a trajectory that has, in fact, a vanishnot show anything special, but since an actual instability
ingly small Lyapunov exponent. clearly doestake place, all their figures prove is that they are

We did state in our papéf] that we had found nonvan-
ishing Lyapunov exponents for trajectories in the neighbor-

hood of the(+) branch, and we stand by that claim. Since 1 w=100

we have not been able to compare our algorithm to the one ~ ** e i
used by Boncet al,, we cannot say precisely why we do and 0.6 0360

they do not. As we explained in our paper, the chaos is o4 +)

confined to the neighborhood of the unstable periodic orbit, 02 ' -0.364

and it seems that the truly chaotic trajectories lie in a very
narrow region of phase space around this orbit. This makes?
the calculation of Lyapunov exponents for these orbits a little 02 °~2974/\j

tricky. If the numerical integration routine takes too large a = -04f .45 ] ")
step in the wrong direction it may leave the chaotic region Ve
Fn]tirely and the Lyapunov exponent will then approach zero _08[ 0.2960 685
2]. ‘
In particular, the trajectory that starts from the Autler- -9 ) 1 0 ! 2 3
Townes(AT) initial conditions that we quote in our paper by
(x=0.483, yy=0, zo=—0.876) may or may not be chaotic
itself—two different algorithms we have tried yield different 10
results. We need to point out, however, that these are not s fi=81 15700 15718
exactly the same as the initial conditions for the trajectory 06
we show and study in our papfFigs. 1a) and Xb) of [1]]. +) 03690
Our approach was typically to take the AT initial conditions o4 TN
as a starting point in our search for the periodic orbits, which 02 R 03710
are always to be found nearby. The initial conditions for the z g
periodic orbit shown in Fig. () of [1] are somewhere in the ool 0zs0a’~ e \
range xo=0.4738t0.0002, y,=0, zg=— \/1—x02. For n od >< .
=81 we find consistently chaotic trajectories in this neigh- N SN =)
borhood. _0‘6 :1’.5'715 15700
In any event, our diagnostic of chaos did not rely solely —0-8{

on Lyapunov exponents or visual observation of the trajec-  -10 -
tories. Our paperf1] shows, for instance, a remarkable )
change in the spectrufirigs. 2a) and Zb) of [1]]—not just b1
the apparition of many new lines but of actual broadband
Strucltures, Ch"’,‘raCte”St'C of chaos. On th_e same _pagﬁae] of ity of the (+) periodic orbit and one trajectory in the vicinity of the
we give a detailed account of how the perlc_)dlc orbit pecor_neg_) periodic orbit, fom= 100 and 81, respectively. Far= 100, the
unstable, based on our Floguet analysis of a linearizednjargements of what look like single points show the trajectory
model. winds over a narrow stable torus around the periodic orbit.For

=81, the(—) branch is still stable but the+) branch has become

unstable: in the Poincammap, the fixed point associated with the

*Present address: USAFA/DFP, U.S. Air Force Academy, Colo{+) periodic orbit has become a hyperbolic, homoclinic point.

rado Springs, CO 80840. Chaos is generic in the vicinity of such points.
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FIG. 1. Poincaranaps generated by one trajectory in the vicin-
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looking at a poor choice for the surface of section. Considegrowth of quantum uncertainty for those two initial condi-
instead Fig. 1, which shows the intersections of a trajectoryions (the top two curves The results are essentially indis-
around the(+) branch, and a trajectory around tlie) tinguishable. This is quite convincing evidence for our claim
branch, with the hyperplang,=3=/2 (for d¢,/dt>0, that the quantum system’s evolution doest exhibit any
and projected on the-¢, plang. Note that theseare all  particular correlation to the semiclassical chaos.

canonical variablesee Eqs(4) and (5) of [1]]—the claim Bonci et al. prefer to draw the somewhat weaker conclu-
by Bonci et al. that we were somehow “deceived” by our sjon that the presence or absence of chaotic behavior for an
use of noncanonical variables is baseless. individual semiclassical trajectory may not be a good indica-

_Figure 1 shows clearly that the-) branch is associated o of how the uncertainty will grow in the quantum system;
with an elliptical fixed point of the Poincamap (the stable  jnqieaq they suggest, an average over nearby semiclassical
per|od|c orbi, wherea; the nature of tf(.e” branch fixed trajectories should be taken. The two bottom curves in their
point changes from elliptic to hy_perbol(m.e., ungtabl_)a as Fig. 6 show the results of such an average. This time, the
N goes from 100 to 81. The trajectory pIotted. n F!Qb)l suggestion is that the uncertainty should grow faster along
is very near the separatrix for this hyperbolic poitihe the (=) branch, presumably because “the phase space sur-

. . . — _6 —
T'Ea\l/%gm?rnhse ?::é‘;s géi:iiizsttoiiel&rﬁeg?at:hsﬁ . rounding the(—) branch is probably more chaotic than that
N 0)- 90 in which the (+) branch is imbedded.” And yet, the main

borhood of the separatrix, which is a standard result for oint here. once again. is that the quantum svstem does
weakly chaotic systems. However, it is clear that the dynamP ! gain, 4 Y . .
ics in the neighborhood of thet) branch is more unstable reflect this alleged difference between tr_le semiclassical
than in the neighborhood of the-) branch, and that the Phase space regions. The quantum uncertainty along-the

quantum system does not reflect at all this instability, noforanch does not grow faster than along ¢ branch in any

does it seem to be affected in any particular way by thisSignificant way.

transition in the semiclassical dynamics. These two points 'NiS agrees entirely with our conclusion: to quote from
were the basic message of our paper. our paper: “there is no correlation between any particular

It is interesting to note that Bonat al’s own sample dynamical variable and the presence or absence of semiclas-
calculation forn=25 actuallysupportsour conclusions. In sical chaos.” Figure 6 of Boncet al. exhibits just such a
Fig. 2 of their paper they show a chaotic trajectory in thelack of correlation, whether one chooses to measure the ir-
neighborhood of thé+) branch and a regular trajectory in regularity of the semiclassical system by the Lyapunov ex-
the neighborhood of thg—) branch, according to the ponents of individual trajectories or by Bonet al's own
Lyapunov exponents. In their Fig. 6 they calculate themethod of averaging over nearby semiclassical trajectories.

[1] G. A. Finney and J. Gea-Banacloche, Phys. Re%4E1449 adaptive-step integration routines as low as ®pwhich cor-
(1996. responds typically to a step size of between38nd 104, in
[2] We have occasionally had to set the relative precision of our units wherew=1.



